The dynamics of the space tug system with a short tether similar to the ROGER system during deorbiting is presented. The kinematical characteristic of this system is significantly different from the traditional tethered system as the tether is tensional and tensionless alternately during the deorbiting process. The dynamics obtained based on the methods for the traditional tethered system is not suitable for the space tug system. Therefore, a novel method for deriving dynamics for the deorbiting system similar to the ROGER system is proposed by adopting the orbital coordinates of the two spacecraft and the Euler angles of ROGER spacecraft as the generalized coordinates instead of in-and out-plane librations and the length of the tether and so forth. Then, the librations of the system are equivalently obtained using the orbital positions of the two spacecraft. At last, the geostationary orbit (GEO) and the orbit whose apogee is 300 km above GEO are chosen as the initial and target orbits, respectively, to perform the numerical simulations. The simulation results indicate that the dynamics can describe the characteristic of the tether-net system conveniently and accurately, and the deorbiting results are deeply affected by the initial conditions and parameters.
Introduction
The number of flying objects including the controlled spacecraft and the space debris (including the abandoned spacecraft) in the low earth orbit (LEO) and the geostationary orbit (GEO) increases sharply because of the frequent human space activities [1] [2] [3] . It is reported by ESA that, at the end of 2008, there were 1186 objects in GEO and only 32% were controlled spacecraft. The collision risks will be posed by the uncontrolled spacecraft and space debris mentioned above. Therefore, it is necessary to monitor and clear the abandoned spacecraft and space debris.
The RObotic GEostationary Orbit Restorer (ROGER) concept was proposed by ESA. The researchers not only focused on the economic consideration and future business application but also focused on the orbital monitoring and clearance of the abandoned spacecraft [4, 5] . To make use of the space electrodynamic tethered system to deorbit spacecraft has been studied in [6, 7] , which utilizes the motion of the conductive tether relative to the magnetic field of the earth to produce electrodynamic forces. It is also proposed that the abandoned spacecraft can be deorbited by the solar radiation pressure experienced by the sailcraft attached to the spacecraft. The sailcraft is initially folded and will be deployed when the spacecraft is spent. The feasibility of the solar radiation pressure based deorbiting approach has been demonstrated by the NanoSail-D project within NASA. Moreover, the cubeSail project in Surrey [8] and the project using solar pressure in Strathclyde [9] are also performed to study the spacecraft deorbiting approach by solar pressure. It is a practical method by using the space robots to capture the noncooperative spacecraft or to deorbit the abandoned spacecraft. The method can also be used in the space missions such as spacecraft repair and fuel charges [10, 11] .
The space tether based deorbiting system is the most comprehensively studied one among the methods mentioned above, including the ROGER system and the space electrodynamic tethered system.
The monitoring for the current orbit and forecasting for the future orbit are studied in the ROGER project [5] . The feasibility of the GEO service is also discussed from the view of economic and technical aspects. The ROGER spacecraft approaches, captures, and transports the abandoned spacecraft into the graveyard orbit. The configuration of the
The Roger System and Reference Frames
2.1. The Configuration, Simplification, and Assumption. The configuration of the space tug system with a short tether similar to the ROGER system is presented in Figure 1 . As shown in Figure 1 , the active (the ROGER) spacecraft and the abandoned spacecraft are denoted as " " and " ," respectively.
The tether is tensional and tensionless alternatively during the deorbiting process because the ROGER spacecraft is in front of (not above) the abandoned one. Some assumptions are presented as follows:
(1) The attitude motion of the abandoned spacecraft is neglected and only the orbital motion is considered.
(2) The mass of the short tether is neglected.
(3) Solar radiation pressure perturbation, earth nonspherical perturbation, and other planets perturbation are neglected.
Reference Frames and Transformations

Inertial Frame J2000 (E X Y Z , ).
is the mass center of the earth, E X points to the vernal equinox, E Y points to the earth's rotation axis perpendicular to the equatorial plane, and E X , E Y , and E Z form a righthanded orthogonal frame. The basis of is (i , j , k ) .
The ROGER Spacecraft Orbital (O X Y Z , ) and
locates at the mass center of " ," O Z points to , and O X points to forward direction located in the orbital plane and perpendicular to O Z . O X , O Y , and O Z form a right-handed orthogonal frame. The basis is (i , j , k ) .
The origin of is at the mass center of " ," with the axes pointing along the principal axes of inertia of " ." The basis is (i , j , k ) .
Inertial Frame (E
The detailed definition can be found in Figure 2 . The basis is (i 1 , j 1 , k 1 ) .
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Body Frame of the Tether (C X Y Z , ).
is the attachment point with " ," when there are no librations, and coincides with . The in-plane and out-plane librations in traditional tethered system are defined by the angles between and .
The Transformation from to .
A three-element vector ( , , ) is used to describe the attitude of the ROGER spacecraft with respect to the orbital frame. The transformation from to can be realized by 3-1-2, that is, ( ) → ( ) → ( ) rotation. , , are the Euler angles of yaw-roll-pitch describing attitude motion for the ROGER spacecraft. 1 to . The rotation matrix C 1 is obtained by a (− − 1 ) rotation, and the initial true anomaly 1 is selected as zero. is the true anomaly. C 1 is as follows:
The Transformation from
C 1 = [ [ [ cos (− ) 0 − sin (− ) 0 1 0 sin (− ) 0 cos (− ) ] ] ] .(1)
The Transformation from to .
A two-element vector ( , ) is used to describe the attitude of the tether with respect to the orbital frame. The transformation from O X Y Z to C X Y Z , can be realized by a ( ) → ( ) rotation. The rotation matrix C is as follows:
2.2.8. The Transformation from to . The constant rotation matrix C 1 is obtained by a 3-1 rotation, presented as follows:
Thus, the transformation from to is obtained as C = C 1 C 1 .
The Traditional Dynamic Modeling Method
for the Roger System 3.1. The Selection of the Generalized Coordinates. In order to study the dynamics of the ROGER system during deorbiting, the attitude and orbital motions of the ROGER spacecraft, in-plane and out-plane librations of the system, the length motion of the tether, and orbital motion of the abandoned spacecraft are studied in this paper. When the tether is tensional, the Euler angles , , and and orbital positions , , and are chosen as the generalized coordinates; moreover, the length of the tether and the in-plane and out-plane librations , are also chosen as the generalized coordinates. When the tether is tensionless, the strategy to choose the generalized coordinates will be discussed later.
Dynamic Modeling Consideration When the Tether Is
Tensional. The Lagrange method is used to establish the dynamics for the ROGER system. The kinetic energy and gravitational potential energy of the ROGER spacecraft are as follows:
where r andṙ are the position and velocity vectors of point , is the angular velocity of the ROGER spacecraft, and r and r are the position vectors of the infinitesimal mass with respect to point and , respectively.
is the mass. J is the moment of inertia tensor. is Earth's gravitational constant. r (constant in ) is the position vector of the attachment point with respect to point . r is the position vector of the abandoned spacecraft with respect to . In this paper, |r AB | is adopted as the length of the tether instead of |r |. The kinetic energy and gravitational potential energy are as follows:
The elastic potential energy of the tether is as follows:
In the preceding three equations, andṙ indicate the mass and velocity of the abandoned spacecraft.l ( ) and ∘ l ( ) are the derivatives of l( ) relative to and , respectively. is the angular velocity of the tether. is the coefficient of elasticity of the tether. 0 is the original length of the tether.
The Lagrange equation considering nonpotential force is as follows:
where Q is the nonpotential force containing the thrust force and the attitude control torques generated by the ROGER spacecraft. q = ( , , , , , , , , ) is the vector of the generalized coordinates. The dynamic modeling procedure above can be used when the tether is tensional.
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Dynamic Modeling Consideration When the Tether Is
Tensionless. The ROGER and abandoned spacecraft become two free flying spacecraft orbiting the earth when the tether is tensionless. Thus, the orbital position coordinates ( , , ) and ( , , ) of the ROGER and abandoned spacecraft, and the Euler angles ( , , ) of the ROGER spacecraft are selected as the generalized coordinates when the tether is tensionless.
Analysis of the Traditional Method.
The dynamic modeling method presented above is just the dynamic modeling strategy for the traditional tethered system. To select the inplane and out-plane librations and the length of the tether as the generalized coordinates is inappropriate for establishing the dynamics of the ROGER system in this paper, although it is easy to be understood. The reasons are presented as follows:
(1) The ROGER spacecraft is in front of (not above) the abandoned spacecraft during deorbiting; therefore the tether will be tensional and tensionless alternately. The in-plane and out-plane librations and the length of the tether can be selected as the generalized coordinates when the tether is tensional; however, the librations and the length of the tether never exist when the tether is tensionless. (2) It is assumed that the tether is tensional initially as shown in Figure 3 . It is evident that the tether will become tensionless when = 30 anḋ< 0. The dynamic model when the tether is tensionless will be used. And the tether will become tensional when = 30 anḋ> 0. Accordingly, the dynamic model when the tether is tensional will be used. The critical points are presented in Figure 4 . It is evident that the tether will be tensionless at points 1, 3, and 5 and tensional at points 2, 4, and 6. (3) It is time-consuming and difficult to switch repeatedly between the two groups of equations that can be derived based on the ideas stated in Sections 3.2 and 3.3; moreover, the computation accuracy and realtime requirements cannot be satisfied during deorbiting. Therefore, it is essential to establish a unique group of dynamic equation for the deorbiting process using a unique group of generalized coordinates.
Therefore, the ROGER and abandoned spacecraft orbital position coordinates ( , , ) and ( , , ) and the Euler angles ( , , ) of the ROGER spacecraft are adopted as the generalized coordinates rather than the librations and the length of the tether.
The Dynamics of the Tether System
The orbital position coordinates of the ROGER and abandoned spacecraft and the Euler angles of ROGER spacecraft are adopted as the generalized coordinates instead of the librations and the length of the tether because the following relation holds: The kinetic energy of the ROGER system is as follows:
The potential energy is as follows:
The elastic potential energy of the tether is as follows by referring to Figure 3 :
The related position vectors in the preceding equation can be observed in Figure 3 . All the position vectors are easy to obtain since r is constant in .
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The Lagrange function of the ROGER system is as follows:
The dynamic equations will be obtained when is substituted into the Lagrange equations.
Dynamic Equations for Tensional State.
Firstly, the orbital motion of the ROGER spacecraft is given as follows:
where , , and are the components of r in . Secondly, the attitude motion equation of the ROGER spacecraft is as follows:
where T is the control torque and T is the disturbance torque caused by the offset of the thrust force, the librations of the tether combining the tension of the tether. T and T are used to represent the former and the latter disturbance torques, respectively. As shown in Figure 5 , the offset vector AP, the components of the thrust force, and T are as follows:
We can obtain T as T = r × T. r and T can be calculated during deorbiting.
The procedure to obtain the orbital motion of the abandoned spacecraft is similar to the ROGER spacecraft. 
The Gaussian perturbation equations are used to perform the dynamics simulations:
where ( , Ω, , , , ) are six independent orbital elements for the ROGER and abandoned spacecraft. In the paper, , Ω, and denote the semimajor axis, longitude of ascending node of the orbit, and orbital inclination. Please note that = cos , = sin and (sum of mean anomaly and argument of perigee) are used instead of the orbital eccentricity , argument of perigee , and true anomaly ] to avoid singularity when approaches zero. , , , and are the mean orbital rate, semilatus rectum of an orbit, geocentric radius, and sum of true anomaly and argument of perigee, respectively. , , and are the components of the perturbative accelerations along -, -, and -axis of .
Equivalent Expression of Librations.
It is evident that the ROGER system will never librate when the tether is tensionless and tensional alternately during deorbiting, which is quite different from the traditional space tethered system. A novel strategy to equivalently express the librations of the ROGER system has been proposed based on the positions of the ROGER and abandoned spacecraft.
As in Figure 6 (a), the direction cosines of line section AB in E X Y Z are expressed as follows:
The direction cosines in O X Y Z are expressed as follows: where , , and are the components of the direction cosines in O X Y Z . The out-plane ( ) and in-plane ( ) librations can be obtained later. And the coordinate transformation matrix C has been derived before.
As shown in Figure 6 , line sections and are perpendicular to planes X Z and X Y , respectively. And the in-plane and out-plane librations can be expressed as follows:
The definition above will be better than the traditional one as there is no singularity.
Nonpotential Force of the ROGER Spacecraft.
The purpose of this paper is to transport the abandoned spacecraft into the orbit whose apogee is 300 km above GEO. The thrust force direction is n = −r × (r × v)/|r × (r × v)|, where n, r, and v are the unit vectors of the thrust force, the position, and velocity of the ROGER spacecraft, respectively. The amplitude, period, and duty cycle of the thrust force can be obtained by referring to Figure 6 . and = / are the amplitude and duty cycle of the thrust force. The vector of the thrust force can be written as
The components of T in O X Y Z can be written as The attitude control torque for the ROGER spacecraft during deorbiting process is as follows:
and are the proportional and differential coefficients.
Numerical Simulations
International System of Units is adopted except special statements. The initial roll, pitch, and yaw angles are 3/57. 
The initial orbital positions and velocities of the ROGER and abandoned spacecraft are denoted by Rm 0 , Rs 0 , Vm 0 , and Vs 0 , respectively. Vm 0 and Vs 0 are both selected as [0, 3076.5, 0] in this paper. And the radius of the earth is 6378145, and the gravitational constant is = 3.9860044 × 10
14 . The amplitude of the thrust is 20. The parameters mentioned above will be used throughout the paper.
The deorbiting results in Case 1 adopting the certain parameters will be regarded as the benchmark. In Case 2, Rm 0 and Rs 0 are changed to reduce the librations dramatically. The deorbiting results with comparatively large (Case 1) librations and few (Case 2) librations will be presented and compared.
In Case 3, Rm 0 and Rs 0 are changed to increase the initial tension force in the tether. The deorbiting results with smaller force (Case 1) larger force (Case 3) will be presented and compared.
In Case 4, is selected as 20000 to see how the deorbiting results are affected by the elasticity of the tether. In Cases 5 and 6, and are selected as 25%, 99.99% and 4, 0.1 to see how the deorbiting results are affected by the two parameters.
The parameters in all cases can be found in Table 1 .
The deorbiting results for Case 1 are presented in Figures  7-12 .
The tensionless and tensional states are alternate during the deorbiting process by observing Figure 7 ; moreover, the tether is tensionless most of the time. And the distance is between 30 and 29 m; it can be seen that the deorbiting process is stable and the collision between the two spacecraft is avoided. The 3D trajectory of the abandoned spacecraft is given in Figure 8 . It is evident that the out-plane displacement of the abandoned spacecraft is negative during the deorbiting process.
The in-plane ( ) and out-plane ( ) librations are presented in Figure 9 based on the orbital position coordinates of the ROGER and abandoned spacecraft. The librations corresponding to tensional and tensionless states are plotted by sparse dots and almost continuous curves, respectively. And it can be seen that the librations (or we call it the relative orientation relation of the two spacecraft) are stable and the tether is tensionless most of time.
The out-plane positions and velocities of the ROGER and abandoned spacecraft are given in Figure 10 . The out-plane positions are negative during deorbiting and the out-plane motion is stable.
The components of the tension force and disturbing torques caused by the tether are given in Figure 11 . The disturbing torques can be utilized as the control torques for the traditional tethered system.
The angular rate and angle errors during deorbiting are plotted in Figure 12 . It can be seen that the attitude motion affected by the disturbance torques is stable. It is concluded that the deorbiting process is acceptable by analyzing Figures  7-12 .
The deorbiting results for Case 2 are presented in Figures  13-15 .
The tensional and tensionless states, the elongation, and the distance showed in Figure 13 are almost the same as in Figure 7 . The distance during deorbiting is hardly affected by librations when adopting the same parameters and other initial conditions. But the attitude motion of the ROGER International Journal of Aerospace Engineering In order to study the attitude motion affected by the librations, the same control torque vector in Figure 12 is used to obtain the attitude motion in Figure 14 . The attitude motions are more stable than the results in Figure 12 as the attitude motions are affected by the librations deeply. It also can be demonstrated by comparing the disturbing torques in Figure 11 with the torques in Figure 15 . The larger the deorbiting system librates, the larger the disturbance torques will generate and the more unstable the system will be from the view of the ROGER spacecraft attitude motion.
The deorbiting results for Case 3 are presented in Figures  16-20 .
It can be seen that the deorbiting results are very unsatisfactory in Figure 16 by comparing Figure 16 with Figure 7 as the initial tension force exists for the deorbiting process. The probability of collision sharply increases for this case. It is suggested that the initial tension should be small or zero.
It can be seen from Figure 17 that the out-plane orbital motion direction is along positive -axis as observed in Figure 17 .
The simulations in Figure 18 indicate that the librations are completely unstable and show bad behaviors. The maximum in-plane and out-plane angles both nearly reach 100 deg., respectively. This will be bad for deorbiting because of the great possibility of collision.
The time histories of the out-plane motions of the ROGER and abandoned spacecraft vary very sharply by observing Figure 19 . Thus the deorbiting results under this condition are worse by comparing the results in Figure 10 . The out-plane motions are unacceptable for a safe deorbiting.
The amplitude of the tension force is too large to assure the deorbiting process safety. The disturbing torques are so large that it is too difficult to control the attitude of ROGER spacecraft. Thus the parameters and initial conditions are completely unsuitable in this case. The deorbiting results for Case 4 are presented in Figure 21 .
It can be seen that the deorbiting results in Figure 21 are almost the same as in Figure 7 . Thus it is concluded that the deorbiting results are hardly affected by the parameter " ."
The deorbiting results for Case 4 are presented in Figures  22-23 .
The deorbiting results can be observed in Figure 22 under the condition of 99.99% duty cycle.
The deorbiting results can be observed in Figure 23 under the condition of 25% duty cycle.
It can be seen that the deorbiting results are bad when = 99.99%; on the contrary, the deorbiting process is good when = 25%. Thus it is concluded that should not be that large in order to make the deorbiting safe.
The deorbiting results for Case 5 are presented in Figures  24-25 .
The deorbiting results can be observed in Figure 24 under the condition of 4 s period.
The deorbiting results are as follows under the condition of 0.1 s period.
It can be concluded that deorbiting results are hardly affected by the period. But the extreme large period should not be adopted as the stability of the distance between the two spacecraft affected by the large period is studied deeply.
Conclusions and Future Work
The universal dynamic equations for ROGER system are derived during the entire deorbiting process. The simulation results and conclusions are obtained by adopting various parameters and initial conditions to study the deorbiting results affected by these according parameters and initial conditions. The detailed conclusions are as follows:
(1) Two groups of dynamic equations are obtained according to the tensional and tensionless states of the tether, respectively. Moreover, the reasons the equations cannot be adopted in this paper are analyzed.
A simple and practical dynamic modeling strategy for entire deorbiting process is proposed, and the librations are also equivalently expressed. (2) Most of the time, the tether is tensionless. The deorbiting effects affected by initial librations, initial distance (initial tension force) between the two spacecraft, the coefficient of elasticity of the tether, the duty ratio, and period of the thrust are analyzed. It is concluded as follows:
(a) The distance between the two spacecraft is hardly affected by librations under the condition of the same initial distance and other parameters. However, the few librations do benefit for attitude motion of the ROGER spacecraft. (b) The initial distance should be within a reasonable range. If the initial tension force is excessively large when the tether is tensional, then the deorbiting results are bad as the least distance during deorbiting is too small to avoid collision and the librations are nearly unstable; moreover, the attitude motion of the ROGER spacecraft is badly affected by this large initial tension force. (c) The deorbiting process is hardly affected by the elasticity of the tether. (d) The condition of 25% duty cycle is better than that of 99.99%; thus the more the duty cycle of the thrust force is, the worse the deorbiting results are.
International Journal of Aerospace Engineering The further studies are as follows:
(1) The more complex dynamic equations based on the modeling strategy in this paper considering the offset of the tether, the attitude, and orbital motions of the two spacecraft and the movable attachment between abandoned spacecraft and the tether should be established. between the two spacecraft and the coefficient of elasticity of the tether, and so forth. Moreover, the superior deorbiting parameters and initial conditions should be summarized based on the simulations. The tensional and tensionless states, the elongation of the tether, and the distance between the two spacecraft.
(4) How to utilize the torques caused by the offset and tension force of the tether as attitude control torques is worthy of being studied.
(5) The paper merely considers the dynamic modeling problems, and the optimal orbital transfer problems should be considered in detail.
